Abstract. Let Σ be a simply connected rational homology sphere. A pair of disjoint closed submanifolds M + , M − ⊂ Σ are called dual to each other if the complement Σ − M + strongly homotopy retracts onto M − or vice-versa. In this paper we are concerned with the basic problem of which integral triples (n; m + , m − ) ∈ N 3 can appear, where n = dimΣ − 1, m ± = codimM ± − 1. The problem is motivated by several fundamental aspects in differential geometry:
initiated byÉlie Cartan, where M ± are the focal manifolds of the hypersurface M ⊂ S n+1 , and m ± coincide with the multiplicities of principal curvatures of M.
(ii) the Grove-Ziller construction of non-negatively curved riemannian metrics on exotic spheres, where M ± are the singular orbits of a cohomogeneity one action on Σ.
Based on important result of Grove-Halperin [16] , we provide a surprisingly simple answer, namely, if and only if one of the following holds true:
• m + = m − = n, • m + = m − = 
Introduction
Let Σ be a simply connected rational homology sphere of dimension n + 1, and let M + ⊔ M − ⊂ Σ be an embedded closed submanifold with two connected components. We call M + is dual to M − if the complement Σ − M + is strongly homotopy retracts onto M − ⊂ Σ. It is clear that the dual relation is reflective, i.e., if M + is dual to M − , then M − is dual to M + . Moreover, note that
where ν ± is the normal disk bundles of M ± in Σ.
Let m ± denote the dimensions of the normal spheres to M ± ⊂ Σ. In this paper we are concerned with the following The author is supported by a NSFC key grant, the Ministry of Education in China, and the municipal administration of Beijing.
Problem. Which integral triples (n; m + , m − ) ∈ N 3 can be realized as the dimension of M, codimensions of M + and M − ?
Besides the interests in its own rights from algebraic topology, the problem has roots in at least two important themes in differential geometry:
• the theory of isoparametric hypersurfaces or more generally of Dupin hypersurfaces in the unit sphere S n+1 initiated byÉlie Cartan in [3] [4][5] [6] , where M ± are the focal manifolds of the hypersurface M ⊂ S n+1 , and m ± are referred as the multiplicities of principal curvatures of M.
• cohomogeneity one isometric actions on a homology sphere Σ where M ± are the singular orbits, which produce many important examples in riemannian geometry including Einstein metrics, minimal submanifolds (cf. Hsiang-Lawson [18] ), and very recently, new examples of non-negatively curved riemannian metrics on exotic 7-spheres by the Grove-Ziller [17] .
It is clear that, given a trivial k-knot S k ⊂ S k+ℓ+1 , there is a dual trivial ℓ-knot S ℓ ⊂ S k+ℓ+1 . A nontrivial dual pair are the embedded real projective planes RP [6] , the focal manifold of any isoparametric hypersurface in the unit sphere with two distinct principal curvatures is the union of a dual pair of trivial knots, moreover, isoparametric hypersurface with three distinct principal curvatures only occurs in the unit spheres of dimensions 4, 7, 13 and respectively 25, whose focal manifold is FP 2 ± with F = R, C, H and respectively F 4 / Spin(9) ± where the multiplicities m + = m − = 1, 2, 4, 8. In general, a celebrated theorem of Münzner [22] shows that the number g of distinct principal curvatures of an isoparametric hypersurface M ⊂ S n+1 must be 1, 2, 3, 4 or 6. Furthermore, when g is odd, the multiplicities of the g principal curvatures are all the same, m := m 1 = m 2 = · · · = m g , and when g is even, we have equalities m 1 In very recent two decades, breakthroughs have been made for the classification of isoparametric hypersurfaces in the spheres in the series [9] [10] [11] [21] answered in positive an open problem in the list of S.T.Yau [27] , it turns out that, an isoparametric hypersurface in the unit sphere is either homogeneous or one of the Ferus-Karcher-Münzner examples from the representations of Clifford algebra. More precisely, the homogeneous isoparametric hypersurfaces are the principal orbits of a cohomogeneity one isometric action on S n+1 where the focal manifolds are the two singular orbits. The Ferus-Karcher-Münzner [15] examples are constructed using the orthogonal representations of Clifford algebra as follows: Let Cl 0,m+1 denote the Clifford algebra spanned by 1, e 0 , · · · , e m satisfying e 2 i = 1 and e i e j = −e j e i for i j. For any nontrivial (n + 2)-dimensional orthogonal representation of Cl 0,m+1 , e 0 , · · · , e m give rise matrices P 0 , · · · , P m satisfying that P 2 i = I and P i P j = −P j P i for i j. Let
The function f maps the unit sphere to [−1, 1] and satisfies the Cartan-Münzner equations, i.e, d f 2 and the Laplacian ∆ f are both functions of f . By [22] , for any regular value c ∈ [−1, 1], the hypersurface M = f −1 (c) is an isoparametric hypersurface with four distinct principal curvatures and multiplicities m, From the construction we know that (n + 2) must be a multiple of 2δ(m). We refer to [15] for more details about those examples.
On the other hand, given a cohomogeneity one action of a connected compact Lie group G on a simply connected rational homology sphere Σ, the orbit space Σ/ G is isometric to an interval [−1, 1], hence there are exactly two singular orbits M ± corresponding to ±1 ∈ [−1, 1]. It is clear that M + and M − are dual pair in Σ. For a linear (representation) cohomogeneity one action on the sphere S n+1 , the principal orbits are isoparametric hypersurfaces, and the singular orbits are the focal manifolds. However, there are infinitely many nonlinear cohomogeneous one actions on spheres. Recently, Grove-Ziller [17] constructed non-negatively curved riemannian metrics on the Milnor spheres Σ (homotopy 7 spheres which are S 3 bundles over S 4 ) via cohomogeneity one actions whose the singular orbits are of codimensions 2, i.e., m ± = 1. Very recently, Goette-Kerin-Shankar has announced a generalized result along the line of Grove-Ziller that all 7-dimensional exotic spheres admit riemannian metrics with non-negative sectional curvature, once again there is a pair of dual submanifolds in Σ of codimension 2. So far there is no any example of exotic spheres of dimension > 7 admitting riemannian metrics with non-negative sectional curvature. Observe that the method of Grove-Ziller depends heavily on the codimension 2 property of the dual submanifolds. It is natural to ask, if there are homotopy spheres of dimension > 7 admitting a dual pair of codimension 2, i.e., m + = m − = 1.
Our main result for this is the following Theorem A. Let Σ be a simply connected rational homology sphere of dimension n + 1 and let M ± ⊂ Σ be a pair of dual submanifolds of codimensions m ± + 1. Then one of the following holds: We remark that Theorem A implies immediately the celebrated theorem of Münzner, that the number g ∈ {1, 2, 3, 4, 6} of distinct principal curvatures for an isoparametric hypersurface, by the formula 2n = g(m + + m − ) when g is even, and n = gm + = gm − when g is odd.
It is also clear to read from Theorem A that Therefore, it seems that the Grove-Ziller construction does not produce riemannian metrics on rational homology spheres, in particular exotic spheres of dimension at least 8 with nonnegative sectional curvature.
Note that, when n = m + + m − , any pair (m + , m − ) can be realized as the trivial dual knots in the sphere. When n m + +m − = 2 and m + m − , it is very difficult to determine which pair of integers can be realized. Without loss of generality, we may assume that m − < m + , in the special case that Σ is in addition a homotopy sphere, though the Stolz's theorem was formulated in riemannian geometry (cf. Theorem 4.1), we observe that the proof of Stolz's theorem [23] applies almost identically, to prove the following pure topological theorem, we tribute to Stephan Stolz. [23] depends heavily the cell structure of the hypersurfaces M and the focal manifolds M ± which seems to be impossible to generalize. In [12] , ahead the work of Stolz [23] , the K-theory of isoparametric hypersurfaces was developed which solved in half cases of the multiplicities problem. It might be useful to apply K-theory for the problem.
In view of the above results it follows that, for a pair of dual submanifolds M + ⊔ M − ⊂ Σ with the dimension data (n; m + , m − ) where Σ is a homotopy sphere, there is an isoparametric hypersurface N ⊂ S n+1 with focal submanifold N + ⊔ N − ⊂ S n+1 with the same dimensions data. Moreover, by Tables 2.2 and 2.3 the fundamental groups and homology groups of N ± coincide with that of M ± . We conclude this section with the following natural but difficult problem which is already highly nontrivial and interesting when M is a Dupin hypersurface in the sphere (cf. [13] ).
Problem. Is every pair of dual submanifolds M + ⊔ M − ⊂ Σ in a homotopy sphere topologically homeomorphic to the pair of focal manifolds of an isoparametric hypersurface in a sphere?
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Preliminaries
In this section we present some basic preliminary results of Grove-Halperin [16] .
2.1. Double mapping cylinder and rational homotopy theory. In [16] the authors consider the so called double mapping cylinder DE of maps φ ± : E → B ± with homotopy fibers of S m ± up to weak homotopy equivalence, i.e., the gluing of the mapping cylinders of φ ± along E. Let Under this assumption, we have the following important result in [16] .
Theorem 2.1 (Grove-Halperin). The fundamental group π 1 (F) and the homology group H * (F; Z) are given in the following tables where Q = {±1, ±i, ± j, ±k} ⊂ S 3 is the order 8 quaternion group. 
Note that
and when m = 3, 4, 6 then k = 2, 4, 8. Moreover,
If either of m ± equals n, the corresponding manifold M ± is a point, hence the dual one is also a point and so m + = m − = n. In this case Σ is forced to be a homotopy sphere. In the following we assume m ± < n.
By definition H * (Σ; Q) H * (S n+1 ; Q) since Σ is a rational homology sphere Σ. The degree one map f : Σ → S n+1 is a rational homotopy equivalence. Let i : M ⊂ Σ be the hypersurface and let F denote the homotopy fiber of the inclusion. Consider the homotopy fibrations
where ΩΣ is the based loop space of Σ.
For simplicity we will often use ≃ Q to denote rational homotopy equivalence. Since f
Note that, if n is even, then H * (ΩS n+1 ; Q) Q[e n ] is a polynomial ring on a variable e n of degree n; and if n is odd, then H * (ΩS n+1 ; Q) Q[e 2n+1 ] ⊗ E(e n ) where E(e n ) is the exterior algebra on e n . Indeed, it is well known that ΩS n+1 ≃ Q S n × ΩS 2n+1 when n is odd. On the other hand, by Theorem 2.4 it follows that the rational homotopy type of F is either of the form S k × S l × ΩS k+l+1 or of the form A m (k) × ΩS mk+1 with m = 1, 2, 3, 4, 6 and k even, where 
, it is clear to note that k + l ≤ n. By the above lemma we get that, either n = k + l or n = 2(k + l). By Table 2 If
with m ∈ {1, 2, 3, 4, 6} and k even. Since A 1 (k) ≃ Q S k and A 2 (k) ≃ Q S k × S k and so F is of the form in the previous case, we may assume that m ∈ {3, 4, 6}, then m + = m − = k ∈ {2, 4, 8}. By using Lemma 3.1 again it follows that, n = mk if n and mk have the same pairity, otherwise, either n = 2mk or 2n = mk, the latter can not occur for dimensional reasoning. For the former, since mk is always even, hence n = 2mk implies that n is also even and has the same pairity as mk, a contradiction. Therefore, n = mk with k ∈ {2, 4, 8} and m ∈ {3, 4, 6}. By Table 2 .5 it suffices to exclude the cases A 4 (4) × ΩS 17 and A 6 (4) × ΩS 25 , where Σ is a simply connected rational homology sphere of dimension 17 and respectively 25.
The following lemma is probably well-known to experts. (4)) and respectively H 5 (B SO (5)). Therefore, the last homomorphism p * in the above Gysin sequence is an isomorphism, and it follows that e(γ) = 0.
By the above Lemma it follows that the Euler classes the oriented S 4 bundles π ± : M → M ± are zero, hence the long exact sequences (up to degree 5) of the S 4 -bundles implies that there are cohomology classes α ± ∈ H 4 (M) such that the restrictions of α ± on the fibers of π ± are generators of the cohomology groups H 4 (S 4 ) (different fibers). From the Leray-Hirsch Lemma it follows that
On the other hand, since F is 3-connected, Σ is simply connected, there is an exact sequence up to degree 5 from the homotopy fibration
where H 4 (Σ) is a torsion group since Σ is a rational homology sphere, it follows that the torsion free part of H 4 (M), i.e., modulo torsion, 
in the Mayer-Vietories exact sequence of (Σ; D(γ + ), D(γ − )), note that ∂ * (αβ) = ∂ * (α)β + α∂ * (β) when α, β are both of even degree. Therefore,
. By ⋆ we know that both {α
In particular, for any β 0 of degree 4, β m−1 0, where m = 4 or respectively 6. It is now completely similar to [16] to derive the multiplicative relations on the generators α
To finish the proof, by the same argument of [16] on page 456 it follows that, the StiefelWhitney class of the normal bundle γ + ,
but the first Pontryagin class p 1 (γ + ) = 0 using the Hirzebruch signature theorem, since sig(M ± ) = 0 for homological dimension reasons. Now unlike [16] , we consider the composition map of the imbedded fiber j − : S Example 3.4. For the Hopf fibration π : S 7 → S 4 , by pullback the isoparametric hypersurfaces and their focal manifolds in S 4 we indeed get isoparametric hypersurfaces in S 7 , e.g, the pullback of Cartan's example S 3 /Q 8 )(with g = 3) is an isoparametric hypersurface in S 7 with g = 6, clearly diffeomorphic to S 3 × S 3 /Q 8 . In a similar vein, for the boundary S 1 × S 2 ⊂ S 4 of the trivial knots, its preimage S 3 × S 1 × S 2 ⊂ S 7 is an isoparametric hypersurface with g = 4. The Hopf fibration S 15 → S 8 also produces isoparametric hypersurface in the total space with g = 4, but none of g = 6! Example 3.5. The Milnor spheres Σ are 7-dimensional homotopy spheres which are S 3 -bundles over S 4 . Up to orientation reversing, there are exactly 10 of them are exotic spheres (cf. [17] ). For the bundle projections π : Σ → S 4 , the pullback of the dual submanifolds RP The proof of Stolz's theorem used heavily stable homotopy theory, which applies identically to the situation of Theorem 1.3 where Σ is a homotopy sphere. For reader's convenience we will give a very brief review on his beautiful proof.
The point of departure is the Thom-Pontryagin construction which gives a stable map
since the normal line bundle of M in Σ is trivial. In case Σ is a homotopy sphere, c gives a stable homotopy class in π s n (M). Note that c is a degree one map, i.e., induces an isomorphism on the homology group H n (−, Z). By composition with the bundle projections
For dimension reason the image of the map lies in the n-skeleton (M + ∧ M − ) (n) of the wedge. Therefore, it gives a stable homotopy class in π
). An important observation in [23] (cf. Proposition 2.7 therein) is that, if (m + , m − ) (5, 4), then the wedge (M + ∧ M − ) (n) desuspends ℓ times for any ℓ ≤ m − − 1, i.e, homotopy equivalent to S ℓ ∧ X, the ℓ-th suspension of some CW complex X. This follows completely elementary depending on the cell structure of M ± , M in the homotopy sphere Σ forced by the homology groups of M ± and M.
The geometric construction of May-Milgram-Segal plays a key role (cf. [20] ). For any connected topological space X and any given integer
+ is the (k − 1) sphere equipped with a disjoint base point and Z 2 acts on S k−1 by the antipodal map and on X ∧ X by flipping the factors. One may take k = ∞, and let D 2 (X) denote D ∞,2 (X) for simplicity. It is well-known that, D 2 (S ℓ ) = S ℓ ∧ RP ∞ ℓ , the ℓ-times suspension of the stunted real projective space RP ∞ ℓ = RP ∞ /RP ℓ−1 , by collapsing the subspace RP ℓ−1 ⊂ RP ∞ . By [19] [20] , for any q < 3r − 1, there is a generalized EHP exact sequence It is now a classical result of Adams [2] in solving the vector fields problem on the spheres, that m + 1 is divisible by δ(ℓ).
